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POWER-LAW VELOCITY-PROFILE -EXPONENT VARIATIONS WITH 
REYNOLDS NUMBER, WALL COOLING, AND MACH NUMBER 
INATURBULENTBOUNDARYLAYER 
By Charles B. Johnson and Dennis M. Bushnell 
Langley Research Center 
SUMMARY 
A survey of velocity-profile data from turbulent boundary layers with zero and 
slightly favorable pressure gradients has been made. Data obtained at Mach numbers up 
to  about 20 have been included in the survey. The profile shapes were characterized 
according to the 1/N-power law and were classified according to three basic types of test  
configurations: (1) flat plate, cone, and hollow cylinder; (2) two-dimensional nozzle wall; 
and (3) axisymmetric nozzle wall. The values of N were plotted for each of the three 
types of configurations with Reynolds numbers based on momentum thickness Re, ,g 
in three groups of wall-to-total temperature ratio Tw/Tt: (1) 0.66 < Tw/Tt 9 1.35; 
(2) 0.35 < Tw/Tt Z 0.66; and (3) 0.12 5 Tw/Tt 5 0.35. A complete tabulation of the data 
points is included. 
The results showed that N is primarily a function of Re,e and Tw/Tt. It was 
also found that when measurements were made in the region of the beginning of turbulent 
flow (Re 0 l e s s  than approximately 8000), there  was generally an "overshoot" in values 
of N. The available data indicate that the overshoot is most pronounced for flat plates, 
cones, and hollow cylinders at Mach numbers greater than 4.0 and with near-adiabatic 
wall - t 0- tot a1 temperature ratios . 
For conditions of Re,e greater than 8000, the values of N for  compressible 
flows increased with increasing Re,e in a manner similar to  the results for incompres- 
sible turbulent velocity profiles. The wall-temperature effect for all configurations was 
to  increase the values of N for an increase in Tw/Tt. 
INTRODUCTION 
It has long been recognized from the early experimental work with incompressible 
turbulent pipe flow by Nikuradse, given in  reference 1, that turbulent velocity profiles 
may be represented by a "power law" of the form U/ue = (y/6)lIN. This early pipe- 
flow work showed that N varied from approximately 6 to 10 as the pipe Reynolds number 
was increased. The early pipe-flow work also led to  the widespread use of a .l/'l-power 
(N = 7)  law for the representation of flat-plate turbulent boundary layers. 
In the integral methods of solving the boundary-layer equations, the 1/N-power law 
has had many applications. Examples of incompressible turbulent-boundary-layer inte- 
gra l  solutions using the 1/N-power law for the shape of the velocity profiles are given in 
references 1, 2, and 3. The integral-solution method with 1/N-power-law velocity pro- 
files has also been employed extensively for engineering calculations of compressible 
turbulent boundary layers. Examples of this method, where N is taken as a constant, 
are given in references 4 and 5. Other integral methods have used empirical correla- 
tions of N with Reynolds number based on momentum thickness or a "reference". 
Reynolds number. (See refs.  6, 7, and 8.) Another method using an N variation is 
given in reference 9, where N was correlated against the product of the wall-to-total 
temperature ratio and flow length divided by the momentum thickness for axisymmetric 
nozzle-wall data. An N correlation with Re,e and Tw/Tt has been used in an 
integral method in reference 10, where good agreement with experimental profiles was 
obtained at the test  section of several  hypersonic axisymmetric nozzles. 
In addition to  having an application in engineering integral methods, the values of 
N a re  useful as an index for the classification and consistency of experimental velocity 
profiles; that is, the value of N for similar flow conditions on geometrically similar 
models should be the same. Also, when the velocity profiles are evaluated and cataloged 
in te rms  of N, the effect upon profile shape of such basic parameters as wall-to-total 
temperature ratio, Mach number, and Reynolds number may be assessed. 
It is the purpose of this paper to  present an evaluation of the variation of N with 
wall-to-total temperature ratio, Mach number, and Reynolds number, and an effort has 
been made to include all of the available data known to the authors. The velocity profiles 
a r e  taken from experiments in which the pressure gradient was either locally zero or 
slightly favorable. In the process of this evaluation, relationships suitable for use in 
integral methods (applicable to  zero or small  pressure-gradient situations only) will be 
presented. The fairly extensive review and cataloging of the available basic compres- 
sible data is useful in that areas  can be identified where further data a re  needed either 
t o  establish trends or to  prove suspected trends. The experimental data reviewed and 
used herein a r e  taken from investigations employing the following three classes of con- 
figuration: (1) flat plates, cones, and hollow cylinders (hereinafter also referred to as 
the flat-plate class of flows), (2) two-dimensional nozzle walls, and (3) axisymmetric 
nozzle walls. The values of N obtained from the data a r e  correlated primarily with 
Reynolds number based on momentum thickness for three ranges of wall-to-total tempera- 
ture  ratio. Additional correlations at nearly constant values of momentum-thickness 
















The data available for this survey include the following range of conditions: 
(1) For the flat-plate class of data, 0 6 Me 6 16.6; 1.03 X lo3 6 Re,e 6 1.18 X lo5; 
and 0.136 2 Tw/Tt 5 1.35 
(2) For the two-dimensional nozzle-wall data, 0.42 6 Me 6 8.18; 
2.25 X 103 6 Re,e 5 7.02 X lo5; and 0.44 6 Tw/Tt 6 1.0 
0.5 5 Me 6 20.3; 
0.94 X 103 6 R,,e 5 7.4 X lo4; and 0.12 6 Tw/Tt 5 1.0 
(3) For the axisymmetric nozzle-wall data, 
SYMBOLS 
function of R (see eq. (2)) 
constant in equation (1) 
e,e 
slope of power-law expression (see eq. (2)) 
Mach number 
slope of linear curve (see eq. (1)) 
velocity-profile power-law parameter 
pressure 
UePee Reynolds number based on momentum thickness, -
I-le 
UePeX Reynolds number based on x distance, -
I-le 
temperature 
velocity component parallel to surface 
coordinate parallel to  the surface 
distance normal to wall and measured from surface 
boundary-layer thickness 
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distance parallel to the surface from end of transition to measuring station 
t 
W 
local external conditions 
stagnation conditions 
wall  conditions 
DETERMINATION O F  N VALUES 
The value of the N associated with the velocity-profile data was generally found 
by plotting on log-log paper an actual velocity against a physical distance normal to the 
wall and obtaining the slope of this curve. The proportionality factors which related the 
velocity to  the distance normal to the wall were taken as the local free-stream velocity 
ue and the boundary-layer thickness 6. This thickness is defined herein as the point 
where a straight-line fairing of the actual velocity on log-log paper intersects the free- 
stream velocity ue. 
profile data in some combination of plots, tables, and N-power-law values. In an attempt 
to  obtain consistent values, whenever it was possible, the N value for a particular pro- 
file was determined from a new log-log plot of the data taken either from a table or a plot 
of the data, not from the value given in the report. A straight line was faired through the 
data over at least the outer 90 percent of the physical boundary-layer thickness 6 unless 
the laminar sublayer extended into this part of the boundary layer. When the sublayer 
extended into the outer 90 percent of 6, only the outer part of the velocity profile was 
used to determine the value of N. For investigations where the velocity profiles were 
not suitably tabulated or  plotted for reevaluation, the value of N given in the references 
was used, as noted in the listing of the data in tables I, 11, and I11 (refs. 9 to 93). It is 
estimated that the values of N quoted herein have been determined from the data with 
an accuracy of 4 0  percent. 
Many of the reports that were examined presented the velocity- 
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VARIATION OF N WITH Re,e 
For the data from flat plates, cones, and hollow cylinders, essentially a zero pres- 
sure  gradient existed throughout the upstream flow history, whereas for the data from 
the two-dimensional and axisymmetric nozzle walls, an upstream favorable pressure- 
gradient history existed with locally either a slightly favorable o r  zero pressure gra- 
dient. 
section, the data generally corresponded to a local zero-pressure-gradient flow. The 
data for a given class  of flow (flat plate, two-dimensional nozzle wall, o r  axisymmetric 
nozzle wall) have been shown for each of three ranges of Tw/Tt (0.66 < Tw/Tt S 1.35; 
0.35 < Tw/Tt 2 0.66; and 0.12 S Tw/Tt 5 0.35). Each variation was presented in an 
attempt to  isolate the variation of N with Re,e f rom possible effects of Tw/Tt. 
There a r e  not sufficient data available to  enable N to  be plotted against Re,e at a 
single value of Tw/Tt. 
In the following discussion an "overshoot" in N is said to occur when the N 
values a re  appreciably above the usual variation (i.e., greater than customary scatter) of 
increasing N with increasing Re,e which is exhibited by the incompressible data. It 
should be noted that correlations of N versus the Reynolds number based on the 
boundary-layer thickness, the incompressible momentum thickness, and the incompres- 
sible displacement thickness were attempted but showed no improvement over the cor- 
relation of N versus the momentum-thickness Reynolds number. 
However, since the majority of the nozzle data were taken in the nozzle test  
Flat-Plate, Cone, and Hollow-Cylinder Data 
As  indicated previously, the plots showing the variation of N with Re,e a r e  
0.35 < Tw/Tt 5 0.66, shown in figure 2; and 
divided into three ranges of wall-to-total temperature ratio: 
shown in figure 1; (2) 
(3) 0.12 5 Tw/Tt 5 0.35, shown in figure 3. 
for the 0.66, < Tw/Tt 5 1.0 range was further subdivided into Mach number ranges of 
Me < 4 (figs. l(a) and l(b)) and Me > 4 (fig. l(c)). Figure l(b) compares the regions of 
compressible and incompressible data. The key to  symbols in these figures is given in 
table I. Also shown in figures 1 to  3 is the N variation obtained from reference 94. 
(1) 0.66 < Tw/Tt I 1.35 
For convenience, the large amount of data 
The data exhibit a great deal of scatter which will be apparent in all of the figures 
and is probably caused primarily by experimental scatter. However, other unknown 
effects, such as free-stream turbulence, nonuniformities in free-stream flow, upstream 
history of wall-temperature gradients, and so  forth, may contribute to the scatter. The 
possible e r r o r  in obtaining an N value from the data may also contribute some scatter. 
The solid line in figure l(a) represents the conventional linear variation of N with 
log Re,O and has a slope m of approximately 2.0. Similar straight-line fairings can be 
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used to  represent some of the data for other Tw/Tt ratios and other configurations. A 
summary of the resulting constants m and b in the equation 
N = m log Re,@ -I- b (1) 
a r e  listed in table IV. 
For Re,O > lo4,  the "classical" behavior of an increase of N with an increase in 
Re,O is seen to  occur for these data with no effect of Mach number. (See figs. l(a) and 2.) 
In figures l(a) and l(b) for Re,@ < lo4,  the incompressible data show an increase in N 
from about 5 to  7 for Re,0 from lo3 to lo4,  whereas the majority of the compressible 
supersonic data for Re,O < lo4 indicate a value of 6 to 7.5 for this range of Re,+ The 
departure of the compressible data from the incompressible N values, shown in fig- 
ures  l(a) and l(b), indicates that there  is an effect of Mach number upon N for 
Re,0 < lo4.  This effect is considered to be an indication of the "overshoot" as already 
defined. The data point in figure l(a) of Ladenburg and Bershader from reference 34 (4) 
with N = 13.5 was obtained close to  transition ( (hX) t r /b  5 0.1); however, these data a r e  
subject to  question because of the use of an interferometer in an extremely thin boundary 
layer (6 < 2 mm). 
Figure l(c) shows that the values of N for Re,0 < lo4  from some of the inves- 
tigations actually increase to  a peak and then decrease with increasing Re,0 until 
values a r e  more in line with the "classical" o r  conventional level for Re,0 > lo4 ,  where 
a gradual increase in N occurs with increasing Re,0. The remaining data for 
Re,O > lo4  show a trend toward the conventional increase in N with increasing &,e, 
as depicted by the solid line in figure l(c). 
The variation of N with Re,O for 0.35 < Tw/Tt 5 0.66 is shown in figure 2 
for the flat-plate class of flow, where again the overshoot is seen for Re,0 < lo4. The 
data in figure 2 a r e  for Mach numbers greater than 4.9 except for the data of refer- 
ences 5 3 b )  and 56 (.>. Comparison of the data in figures 1 and 2 shows that for the 
lower wall-to-total temperature ratio, somewhat lower values of N were obtained. 
The detailed-variation of N with Tw/Tt will be considered in a subsequent section. 
The variation of N with Re,0 for the cold-wall data (0.12 5 Tw/Tt 5 0.35) is 
shown in figure 3. Again, some of the data exhibit an overshoot in N. All the data in 
figure 3 a r e  for Mach numbers greater than 6.5 with the exception of the shockLtube data 
of Gooderum (ref. 55,e)  and Martin (ref. 56,&), which are at Mach numbers of 1.77 
and 1.28, respectively. For a given value of Re,0, the levels of N * a re  reduced as the 
wall-to-total temperature ratio is reduced, as can be seen by a comparison of figures 1, 
2, and 3. 
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N-Overshoot Phenomenon fo r  Flat-Plate Class of Flows 
From figures 1 to 3 for Re,e < lo4, much of the experimental data for N over- 
shoot the conventional incompressible variation. In addition to  the incompressible data 
of figure l(a), the incompressible transition data listed in reference 95 were examined 
in t e rms  of the variation of N with Re,e and were found to  have no overshoot. The 
overshoot in N for the data in figures 2 and 3 is consistent with the results of fig- 
u re  l(c). The majority of the data in figure l(c) for Re,0 < lo4 a r e  measured in a 
region where transition would ordinarily be considered as ended and the flow would be 
considered fully turbulent. From an examination of the data where the overshoot 
occurred, it was found that for these conditions (Re,e < lo4) the values of skin friction 
and heat transfer seem t o  agree with turbulent boundary-layer flat-plate correlations 
and theory. 
In order to  ascertain if the large values of N f o r  Re,@ < lo4 (termed the over- 
shoot phenomena) were related t o  transition, the distance of the boundary-layer profile 
from the end of transition in t e rms  of the boundary-layer thickness at the profile station 
was determined. The end of transition was determined f rom either data available in the 
reference or  a correlation of transition Reynolds number with unit Reynolds numbers for 
various Mach numbers (ref. 96). The data in table I for the flat-plate class of flow were 
examined and, whenever possible, the parameter (AX)tr/6 was calculated; these values 
a r e  listed in table I. For Re,O < lo4, it was found that when (Ax)tr/6 was small, the 
N values tended to be larger  than the conventional values by a considerable amount. 
Data from figure l(c) in the overshoot region, which show an increase to a peak 
followed by a decrease in the values of N a r e  shown by three groups of data: 
(1) The data of Deem (refs.  20 and 21, u) (top dashed line) were measured near the 
beginning of turbulent flow, which was determined from surface pitot measurements. The 
resulting values of (AX)tr/6 fo r  these data were <lo. 
(2) The data of Sterrett and Emery (ref. 30, t>) (middle dashed line) for Me = 4.8 
on a flat plate had (AX)tr/6 values from 6 to  26. 
(3) The data of Danberg in references 13 (A), 14, and 15 (a) (bottom dashed line) 
have values of (Ax)tr/S from C1.0 to 19. 
All of these data were obtained under untripped turbulent-flow conditions. The extremely 
high values of N found on a cone in helium (refs. 40 and 41, L)) may be due to an extreme 
overshoot phenomenon or  may be characteristic of adiabatic helium boundary layers for 
high free-stream Mach numbers. (See fig. l(c).) The relatively low level of free-stream 
turbulence and static pressure fluctuations (laminar side-wall boundary layer for an 
appreciable distance) may have caused the N overshoot found in the investigation of 
Korkegi (at Me = 5.8 ref. 29, a) to remain at the level indicated, even though 
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25 2 (Ax)tr/6 2 34. The fact that a turbulent boundary layer was difficult to  obtain in 
reference 29 (large t r ips  were necessary) may indicate that not only compressible flow 
but also a certain type of boundary-layer transition may be necessary before the data 
exhibit an overshoot trend. 
The start of the overshoot in figure 3 begins with the Kutschenreuter et al. data of 
reference 19 (*) at N z 6.5 for Re,e of about 1800 ((A&./6 
imum of N = 10.0 at an Re,e of 2300. The cone data of Graber, Weber, and Softley 
(ref. 42, A) and of Softley and Sullivan (ref. 44, h) do not exhibit any overshoot for a 
(Ax)tr/6 < 30. The value of N for  the cone profile from reference 44 (L) appears to  
be exceptionally low. The reason for the lack of overshoot in these data is not known. 
Obviously, more data on cold-wall cones at Me > 4 need to  be obtained before any f i rm 
conclusions can be drawn. 
2.3) and rises t o  a max- 
The effect of the variation of (Ax)tr/6 on N is examined in figure 4(a) for the 
and Re,e < 8000. 
The unflagged data for the flat-plate and hollow cylinder show that as (Ax@ 
increases the value of N generally decreases, with the most pronounced decrease in 
N occurring for 10 < (Ax)tr/6 < 60. The flagged data for a cone or  ogive cylinder, 
for  5 < (Ax)tr/6 < 90, appear t o  have approximately the same slope as the unflagged data 
but the cone and ogive-cylinder data generally have higher values of N than the flat- 
plate data. These higher values a re  reasonable due to  the fact that a cone boundary layer 
does not grow as rapidly as a flat-plate boundary layer, and hence longer relaxation 
distances a r e  required. The unflagged flat-plate and hollow-cylinder data have a wide 
range of N values for (Ax)tr/6 < 12 due primarily to  the scatter and the extreme 
overshoot in N near the end of transition, with the data near (Ax)tr/6 z 0.1 
largest overshoot values. A reasonable mean value for N from the flat-plate data used 
for  (Ax)tr/6 < 12 would be approximately 10. For 1 2  5 (Ax)tr/6 2 50, the flat-plate 
class of flows in figure 4(a) appear to correlate as N = 16.2 - 6.0 log (Ax)tr,6. The cone 
and ogive-cylinder data for 
compressive data of figures l(a) and l(c) with 0.66 < Tw/Tt 5 1.0 
showing the 
5 < (Ax)tr/6 < 90 correlate as N = 20.5 - 6.0 log (Ax)tr/6. 
Figure 4(b) shows N plotted against (Ax)tr/6 for the data from figures 2 and 3 
for  Re,e < 8000 and 0.1 2 Tw/Tt S 0.66. The (Ax)tr/6 distance for much of the data 
in table I in this Re,e and Tw/Tt range was either quite difficult to  determine or 
could not be determined at all from the information that was available. This difficulty 
resulted in fewer (Ax)tr/6 points in figure 4(b) than N data listed in table I and more 
scatter in the data of figure 4(b) than in those of figure 4(a). Within the scatter of the data 
fo r  0.35 < Tw/Tt 5 0.66 in figure 4(b), there appears to be a decrease in thevalue of N 
as (Ax&./b increases; however, there is no clear trend except that the bulk of the data 
for  (Ax)tr/6 < 40 have N values between 8 and 10. The flagged data in figure 4(b) for 
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0.12 5 Tw/Tt 5 0.35 and (Ax)tr/6 > 10.0 may have low values of N due to the com- 
bined effects of the low wall-to-total temperature ratios and the relatively high values 
of (Ax)tr/b 
It is possible that a correlation for N in te rms  of (Ax)tr/6 could be obtained for 
the overshoot data ((AX)tr/6 < 50), whereas a correlation in t e rms  of Re,o is better for 
data with Re,o 2 8000. In general when the distance from the end of transition (Ax)tr/6 
was less  than 30, the overshoot occurred. When (Ax)tr/6 was greater than 30, there  
was little or no overshoot. Also, while there  a re  insufficient data to  ascertain a varia- 
tion between N and Mach number for fixed (Ax)tr/6, there is probably an effect of 
Mach number upon the degree of the overshoot. This effect is evidenced by the fact that 
the incompressible data of Schubauer and Klebanoff (ref. 58, A) show no overshoot, 
whereas the compressible data in the same range of Re,e show an overshoot. (See 
figs. l(a) and l(b).) While in the present review all of the data have been taken at face 
value, it is interesting to speculate that the N overshoot near transition may be due, at 
least partially, t o  e r r o r s  in pitot-probe measurements, which probably a r e  larger  near 
the end of transition than in fully turbulent flow. Near the end of transition, turbulence 
intensity has a peak, and this peak causes larger e r r o r s  in pitot measurements. At 
higher Mach numbers, these e r r o r s  a r e  aggravated by increasingly larger  density fluc- 
tuations; thus, at larger Mach numbers, larger overshoot occurs. 
If the results of further investigations show that the large N overshoot (N greater 
than 7) seen in the data near transition is limited mainly to  M > 4.0, speculation that the 
overshoot phenomenon may be related to  the large amplification rates  obtained from the 
second mode of linear instability theory may be made. (See fig. 10 of ref. 97.) 
second mode first becomes dominant fo r  M > 4.0, and the associated large amplification 
rates may trigger transition more abruptly to  cause the observed increases in N. How- 
ever, Morkovin points out (ref. 97) that on wind-tunnel models at hypersonic speeds the 
transition process may not be related to linear stability cr i ter ia  because of the large 
free-stream disturbance levels usually present. These disturbances, which originate 
primarily in the tunnel-wall boundary layer, may cause transition to  occur in a "high- 
intensity bypass mode" in which the linear theory does not play a part. Therefore, the 
overshoot could be due to a transition process dominated by the high-intensity bypass and 
might not occur for flight conditions where the large external disturbances a r e  not pres- 
ent. More definitive data for M > 4.0 are needed to settle these questions. 
This 
Two-Dimensional Nozzle Walls 
The velocity-profile N-power-law values for boundary layers on two-dimensional 
nozzle walls a r e  shown in figures 5 and 6 for two of the same ranges of wall-to-total 
temperature ratios as shown for the flat-plate, cone, and hollow-cylinder data in 
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figures 1, 2, and 3. The majority of the data for  two-dimensional nozzle walls a r e  for 
0.66 < Tw/Tt 2 1.0 and fall in the band indicated by the dashed lines in figure 5. For 
Re,e < 20 000, this band ranges from 5.5 9 N 2 7.5, while the band for Re,e > 20 000 
shows the usual increase in the value of N with an increase in  the value of Re,e. The 
r i s e  in the N value above the upper dashed line in figure 5 for Re,o < 15 000 is simi- 
lar to  the overshoot trend found for flat-plate class of flows at Re,e < lo4; however, 
available data indicate that the overshoot is most pronounced for flat plates, cones, and 
hollow cylinders at Mach numbers greater than 4.0 and near-adiabatic wall-to-total 
temperature ratios. In general, the Reynolds number in a nozzle-throat region is high 
enough so that transition should occur well upstream of the test-section measuring sta- 
tion, and no overshoot in N would be expected. However, in figure 5 the high N values 
from the data of Bell (ref. 69, b), Brinich (ref. 76, O), Matting et al. (ref. 70, a), 
Ruptash (ref. 80, D), and the Aeromechanics Section of the Defense Research Laboratory 
(DRL) (ref. 78, [7) a r e  believed to  be the result of transitional flow or the beginning of 
turbulent flow in the region just upstream of the profile measuring station. 
Each of the five investigations mentioned were examined for any definite evidence, 
Re,o < 15 000. direct or  indirect, that transition could be causing the N 
The conclusion for each of the five groups of data was that the proximity of transition was 
causing the N overshoot. The specific reasons for this finding for each investigation 
a r e  as follows: 
overshoot for 
(1) In the investigation by Bell (ref. 69, b), the momentum thickness and the dis- 
placement thickness on the "flexible plate" for the Mach 4 and 5 t es t s  showed a sudden 
increase as the unit Reynolds number increased. This sudden increase in the value of 
the boundary-layer integral thicknesses is indicative of transition, which could cause the 
observed overshoot in N. It is interesting to note that data obtained on the contoured 
wall have higher N values than the side-wall data for the same unit Reynolds number. 
These higher values a re  probably due to  the longer region of favorable pressure gradient 
present at the contoured surface as compared with that at the side wall. 
(2) The N data of Brinich (ref. 76, 0)  a r e  similar to  those of Bell (ref. 69, b) 
in that the bottom contoured wall gives higher values of N than the side wall for the 
same flow conditions. These higher values a re  again probably due to  the longer region 
of favorable pressure gradient present at the contoured flow surface as noted. 
(3) The low Re,@ datum point (Re,e = 3620) of Matting et al. (ref. 70, 0) at a value 
of N = 9.8 is in a region, where the flow is either transitional o r  just at the beginning of 
fully turbulent flow. 
sponding to this profile measurement falls in a region of skin-friction overshoot and is 
noted as being just slightly downstream of the end of transition, 
From a plot of skin friction in reference 70, the datum point corre- 
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(4) The data of Ruptash (ref. 80, D) show a sharply increasing value of N with 
increasing Re,e from 4200 to 4700. The increase in Re,e is a result of taking data 
at increasing x distances at a nominal Mach number of 3.0 for nearly constant stagna- 
tion conditions of Tt = 830 F (301.6O K) and pt of 1 atmosphere (1.013 X lo5 N/m2). 
The low stagnation pressure gives an Re,x at the throat that is not large enough to pro- 
duce transition based on flat-plate transition correlations extrapolated to  Mach 1.0. In 
the test  section the local Re,x has increased above the flat-plate transition Reynolds 
number; therefore, it seems likely that transition has occurred upstream of the mea- 
suring station. The r i s e  of the N values with increasing Re,e (or is charac- 
terist ic of the r ise  to  a peak of the overshoot data found in figure l(c). 
(5) The datum point of the Aeromechanics Section of DRL (ref. 78, [7) at an N = 8.2 
was measured in an extremely small  nozzle (length from throat to  exit of 5.29 inches 
(13.44 cm)) at a Reynolds number that was admitted by the author to  be low. Although 
the tes ts  were conducted with a tripping device just upstream of the throat, the flow at 
the measuring station was probably either transitional o r  barely turbulent. 
The values of N for the moderately cool wall of a two-dimensional nozzle 
(0.35 < Tw/Tt S 0.66) from four investigations a r e  shown in figure 6. The data exhibit a 
trend of increasing N with increasing Re,e. 
Axisymmetric Nozzle Walls 
The N values for axisymmetric nozzle walls a r e  given in figures 7 and 8 for 
three ranges of wall-to-total temperature ratio. In figure 7 data a r e  shown for 
0.35 < Tw/Tt 9 0.66 
adiabatic wall conditions (at N = 13) is from an unpublished investigation by Watson (A) 
made on the wall of the Langley 22-inch helium tunnel at a Mach number of 20.3. (All 
unpublished data presented in this paper were obtained at the Langley Research Center.) 
The value of 8 in Re,e for this helium datum point may be in e r ro r  by a factor of 
h2.0 due to uncertainties in the measurement of the total temperature. This uncertainty 
factor represents the extremes of the values of Re,@ when either the values of the 
measured total temperature profile (obtained with an uncalibrated probe) o r  the assump- 
tion of a constant total temperature is used to reduce the data. The other data for 
0.94 5 Tw/Tt 2 1.0 in figure 7 a r e  those of Tulin and Wright (ref. 90, O), which were 
obtained upstream of the nozzle throat fo r  the subsonic tes ts  and in the Mach 1.19 test  
section of the Langley 8-foot high-speed tunnel for the supersonic tests.  The data at 
Tw/Tt = 0.94 agree well with the high Mach number cold-wall axisymmetric nozzle data 
for 0.35 < Tw/Tt 2 0.66. The unpublished helium profiles of Watson (A) show that the 
hypersonic helium turbulent boundary layers are characterized by extremely high values of 
and also for  0.94 9 Tw/Tt 2 1.0. The single datum point at near- 
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N in the turbulent outer part  of the boundary layer and also by thick sublayers near the 
wall; this trend is also shown in references 40, 41, a), and 98. 
Re,O < 7000, 0.35 < Tw/Tt S 0.66, and Mach numbers greater  than 6.0, the N values 
in figure 7 a r e  approximately constant at 4.0 to  4.2, based mainly on the data of Hill 
(ref. 86, 0). 
with an increase in Re,e. The solid line in figure 7 is essentially the same variation 
of N with Re,e that was used in reference 10 except for a functional dependence on 
The cold-wall (0.12 2 Tw/Tt 5 0.35) axisymmetric-nozzle data a r e  shown in fig- 
u r e  8. In general, the data show no clear trend because of the scatter;  however, as in 
the previous data, the average value of N is slightly lower than fo r  the data at higher 
wall-temperature ratios. The flagged symbols in figure 8 indicate that the data were 
reduced by using the measured pitot pressures  and an assumed temperature distribution 
through the boundary layer of 
P e r r y  and East (ref. 91, a), Michel (ref. 87, O ) ,  and Burke (ref. 88, 0) a r e  for conical 
nozzles and the remaining data a r e  for contoured nozzles. The large amount of scatter 
in figure 8 may be caused by a combination of the assumed temperature distribution used 
in references 87 and 88, and the fact that some of the nozzles are conical and some are  
contoured. When the data of figures 7 and 8 are  combined (as was done in ref. lo),  the 
overall trend of the data is similar to the curve with a m = 5.0 slope. 
For values of 
For values of Re,e > 7000, the N data show the usual increase in N 
Tw/Tt. 
. It should be noted that the data of 
Tt,e - Tw - L e y  
T t - T w  -u 
Comparison of N for the Three Configurations 
In figure 9 is shown a comparison of the data of the flat plate, cone, and hollow 
cylinder, two-dimensional nozzle wall, and axisymmetric nozzle wall for 
0.35 < Tw/Tt 2 0.66, which exhibit the conventional trend of an increase in N with an 
increase in &,Q; that is, for data at high Re,e, no overshoot occurs. Data with any 
overshoot effect found at the lower values of Re,e (figs. 1 to  3) and the constant values 
of N found at low values of Re,e (fig. 5) a r e  not included in this figure. Both the data 
for the axisymmetric and two-dimensional nozzle walls in figure 9 increase with Re,e 
at a slope of m = 5.0 (for a general equation of N = m log Re,e + b), with the data of 
axisymrnetric nozzle wall having higher values of N than those of the two-dimensional 
nozzle wall. At an Re,e = lo4 ,  the flat-plate, cone, and hollow-cylinder data coincide 
with the axisymmetric nozzle-wall data; however, the flat-plate, cone, and hollow-cylinder 
data have a slope of m = 2, which is considerably less  than the slope for the nozzle-wall 
data. 
The flat-plate, cone, and hollow-cylinder data and the two-dimensional nozzle-wall 
data in figure l (0 .66  < Tw/Tt 2 1.35) and figure 5 (0.66 < Tw/Tt 5 l.O), respectively, are 
sufficiently numerous at Re,e > 8000 to indicate the slope of the conventional increase 
in N with Re,j. 
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VAFUATIONOF N WITH Tw/Tt FOR Me < 14.0 
The effect of wall temperature on the value of N has been investigated by plotting 
the variation of N with Tw/Tt for approximately constant values of Re,e 
in figures 10 to 12. In general the relationship for N with a Tw/Tt variation included 
as shown 
is C 
N = aE) 
where a is a function of Re,e. The data in figure lO(a) for two-dimensional nozzle 
walls are for R = 12  500 and 1.81 5 Me 5 10.33. For these data the exponent in the 
above relation is 
about the same Mach number range but with Re,e = 20 000. Here the Tw/Tt exponent is 
also c =: 0.25. The wall-temperature effect for axisymmetric nozzle-wall data is shown 
in figure 11 for Here again the slope of the data 
may be taken as c = 0.25. The wall-temperature effect on N for flat-plate data is 
shown in figure 12  for Re,e =: 5000, Tw/Tt < 1.0, and 1.77 5 Me 5 5.8. Two data points 
at Tw/Tt = 1.35 for R e , j  = 3110 and Re,e = 1940 a r e  included in this figure. The 
exponent of the wall-temperature ratio is again c = 0.25. 
e,e 
c =: 0.25. Figure 10(b) is also for two-dimensional nozzle walls over 
Re,e =: 2500 and for 6.65 S Me 5 14.0. 
The results of figures 10 to 12  show that an increase in the wall-to-total tempera- 
ture  ratio varies the value of N by c =: 0.25 at moderate Mach numbers. The apparent 
increase in N with an increase in wall-to-total temperature ratio shown in the tes ts  of 
Higgins and Pappas (ref. 28, D) may be attributed partly to the proximity of the mea- 
suring station to the end of transition. 
VARIATION OF N FOR HIGH MACH NUMBERS 
The bulk of the data reviewed herein a r e  for  the M < 12  range, and, as stated 
previously, there is no discernible effect of Mach number upon N outside the overshoot 
region in this range. However, this may not be t rue at higher M values. Therefore, 
the use of the correlations given herein is not recommended for M 2 14. 
A variation of N which might be applicable for  the outer region of high Mach num- 
ber (M > 14) turbulent boundary layers is described by the correlation of reference 98. 
The correlating parameter is 
helium nozzle-wall boundary-layer data reported in reference 98. The only data reviewed 
herein which show a reasonable variation with this correlating parameter p p a r e  the 
helium nozzle-wall data of Watson, which have extremely low static temperatures 
resulting in large values of p p A comparison of the Me = 19.47 nitrogen data of 
Clark and Harvey, presented in reference 10, at Tw/Tt = 0.17 with the unpublished 
Me = 20.3 helium data of Watson at Tw/Tt = 1.0 is shown in figure 13. Although a 
pe/pw and is based largely on the high Mach number 
( e/ w> 
e/ we 
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large difference in Tw/Tt and N (N = 5.7, ref. 10; N = 13.25, Watson) occurs for 
these two sets of data, the Mach number distributions appear t o  be similar. If it is 
assumed that the Mach number profile is invariant and has the form shown in figure 13  
2 Tt - Tw 
Tt,e - T~ 
(ref. lo ) ,  then for high Mach numbers the velocity profile and that = (2) 
computed by using these two assumptions exhibit a large (almost 1st power) effect of 
Tw/Tt upon N. 
CONCLUDING REMARKS 
A survey of turbulent-boundary-layer velocity profiles with zero or slightly favor- 
able pressure gradients has been made. 
were obtained: 
For Mach numbers 614, the following results 
Data for zero and slightly favorable pressure gradients were considered and classi- 
fied according to three basic types of test configurations: (1) flat plate, cone, and hol- 
low cylinder, (2) two-dimensional nozzle walls, and (3) axisymmetric nozzle walls. The 
data were plotted for each configuration against R for three ranges of wall-to-total 
temperature ratios Tw/Tt: (1) 0.66 < Tw/Tt 5 1.35; (2) 0 .35  < Tw/Tt 5 0.66; and 
(3) 0 .12 5 Tw/Tt 5 0.35.  
e, 8 
It was found that when the survey station was in the region of the beginning of tur-  
bulent flow (Re,@ less than approximately 8000), there  was generally an "overshoot" in 
the values of N. The available data indicate that the overshoot is most pronounced for 
flat plates, cones, and hollow cylinders at Mach numbers greater  than 4.0 and near- 
adiabatic wall-to-total temperature ratios. In general, when the ratio of the distance 
from the end of transition (Ax)tr to the boundary-layer thickness 6 was less  than 30, 
the overshoot occurred; and when (Ax)tr/6 was greater  than 30, there  was no overshoot. 
The available data indicate that an N overshoot may occur for nozzle walls when condi- 
tions such as a short nozzle or  low unit Reynolds number cause transition to take place in 
the downstream part  of the nozzle so that the boundary layer at the measuring station is 
either transitional or just fully turbulent. 
When Re,@ is large enough to avoid overshoot in the N values, there  is an 
increase in N with an increase in Re,e, with a trend and level similar to incompres- 
sible data. The data for  two-dimensional and axisymmetric nozzle walls indicate a slope 
fo r  the conventional variation of m 
m = 2.0. 
5. The flat-plate class of data have a slope of 
14 
The wall-temperature effect for all three configurations shows an increase in N 
with an increase in Tw/Tt at nearly constant values of Reye. The slope c of the 
wall-temperature effect is approximately 0.25 for N proportional to (Tw/Tt)' with 
Re,e constant. 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., January 23, 1970. 
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TABLE I.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
AND AXISYMIMETRIC BODIES 
(a) Compressible data 
Reference 


































3 5 7  
.647 
.298 































































































































































3 5 0  
.830 
3 3 1  
3 2 2  





























































aValue of N obtained directly from report and not from replot of velocity profile. 
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TABLE I.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 





























































































































































































































aValue of N obtained directly from report and not from replot of velocity profile. 
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TABLE I.- IIEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
AND AXISYMMETRIC BODIES - Continued 
(a) Compressible data - Continued 
Reference I 
























!O, 21, and 22 











































































































1.385 x 104 


















Unt r ipped 
Tripped 
Unt ripped 





































































































aValue of N obtained directly from report and not from replot of velocity profile. 
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TABLE I.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
AND AXISYMMETFUC BODIES - Continued 
Transition 


























Number I Author 
I Flat plate 





0.404 X lo4 
.343 
.21a 










1.111 x 104 
.21a 
.259 




1.1028 x 104 
.149 
1.760 X lo4 
.612 
.350 x 104 
















































































































































































































aValue of N obtained directly from report and not from replot of velocity profile. 
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TABLE 1.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
AND AXISYMMETRIC BODIES - Continued 





































































































































0.363 X lo4 
.232 
.201 
0.303 X lo4 
.325 
0.179 X lo4 



























































































































































aValue of N obtained directly from report and not from replot of velocity profile. 
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TABLE I.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
































(a) Compressible data - Continued 
Cone 













































































































































































































































aValue of N obtained directly from report  and not from replot of velocity profile. 
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TABLE I.- KFY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
AND AXISYMMETRIC BODIES - Continued 
55 




57 Chapman and 
Kester  
Number 1 Author 
Body of revolution (NACA RM-10) 
53 
54 

































































































































































































1.374 X lo4 1 0.528 I 1.98 6.44 1 27 I Tripped 
31 
I 





2 6 2  1.614 
.284 1.690 
TABLE 1.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR FLAT PLATE 
-------- 5.1 --- 
4.7 --- -------- 
4.9 --- -------- 
4.9 --- -------- 
4.7 --- -------- 
5.1 --- - - - - - - - - 
4.9 --- -------- 
AND AXISYMMETRIC BODIES - Concluded 























van der Hegge Zijnen 
Re,6 
0.231 X lo4  
.287 
.280 
0.210 x 104 
.580 
3.800 X l o4  
4.300 









































aValue of N obtained directly from report and not from replot of velocity profile. 
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TABLE II.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA 
FOR TWO-DIMENSIONAL NOZZLE WALLS 
Reference 














4.904 X l o4  
70.2 x 104 
1.466 2.35 0.969 6.7 













3.00 x 104 
































3 1 5  
























































































































obtained directly from report and not from replot of velocity 
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TABLE II.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA 
















~ . .  
Jeromin 
Bell 








1.560 X l o 4  
1.720 









4.0 x 104 
2.88 
3.3 















2.1 x 104 
.77 




















































































































aValue of N obtained directly from report and not from replot of velocity 
profile. 
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TABLE II.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA 



























































0.455 X lo4 
.26a 
8.50 x 104 
7.54 
6.40 



























































































































































aValue of N obtained directly from report and not from replot of velocity 
Jrofile, 
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TABLE U.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA 
FOR TWO-DIMENSIONAL NOZZLE WALLS - Continued 
Number 








1.220 x 104 








































































































L O  
1.5 












































































TABLE II.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA 
































3.184 X lo4 
1.300 X 104 
.650 


























































































































































































N obtained directly from report and not from replot of velocity 
profile. 
and 172.2 inches 
ties listed in table I of reference 85. 
b a t a  were measured on test-section floor at stations 84.0 inches (2.13 m) 
(4.37 m) and were used to  calculate the boundary-layer proper- 
37 
- -  , 
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TABLE IU.- KJZY FOR TURBULENT-BOUNDARY-LAYER DATA FOR 





















Clark and Harvey 
















0.294 X lo4 
.397 









0.973 X lo4 
1.125 
.922 






0.094 X lo4 
.163 













































































































































aValue of N obtaihed directly from report and not from replot of velocity profile. 
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.... . . .  . 
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TABLE LU.- KEY FOR TURBULENT-BOUNDARY-LAYER DATA FOR 








Per ry  and East 
Matthews and 
Tr immer  


























0.209 X lo4 




1.140 X l o4  



















































































































aValue of N obtained directly from report and not from replot of velocity profile. 
bPreliminary data, no calibration of Tt probe. 
39 
TABLE 1V.- VALUES OF N AS FUNCTIONS O F  Re,e 
[N = m loglo Re,e + 
<4.0 1.35 t o  0.66 2.0 
>4 .O 1.0 to 0.66 2.0 
>.67 0.66 to  0.35 2.0 




4 x 103 to 105 
3.2 x 103 to 4.5 x 104 
3.5 x 103 to 105 
>4.7 1 0.66 t o  0.35 I 5.0 1-14.2 I 8 X lo3 to 5 X. lo4 5 6 
Axisymmetric nozzle wall 
3.3 x 103 to 8.0 x 104 7 
3.0 X lo3  t o  6 X lo4  l 8  
40 
I 
(a) Me < 4.0; 0.66 < T,/Tt 2 1.35. 
















I I I I I I ' I " ' I  I I 
l!ssw Incompressible data 
lzz2zza Compressible data 
-L- I I ! I I I I I  I .- I I I I I I I I  
2 4 6 8 lo4 2 4 6 8 
Re, EJ 
(b) Comparison of incompressible and compressible data. Me < 4.0; 0.66 < Tw/Tt 2 1.0. 

















17 D 3 1  35 I 
2 4 6 8 lo4 2 4 6 8 lo5 
Re, e 
(c) Me > 4.0; 0.66 < Tw/Tt 2 1.0. 





Persh ( r e f .  94) 
I 1 Ref. Ref. 
11 53 
I7 54 
: 4 56 
31 
! +  32 
I I l l  I I I J  I 
8 lo4 2 4 6 8 lo5 lo3 2 4 6 
R 
e,e 
Figure 2.- Variation of N with Re,e for flat plates, cones, and hol lav cyl inders for 0.35 < Tw/Tt 2 0.66. Key to symbols i s  presented in table 1. 
12 i 
10 c 
8 -  
N !  
_..- . ' - -  
I.. 
I Overshoot region 
/" 
..I.. ~. . - 
@ @  








Persh ( re f .  94) 
lo3 2 4 8 lo5 2 4 6 
Figure 3.- Variat ion of N wi th  Re,@ for f lat plates, cones, and hol low cy l inders for 0.12 5 Tw/Tt 0.35. Key to symbols i s  presented in table 1. 
Flagged symbol, cone o r  ogive  c y l i n d e r  





N A  r 
D 
N = 20.5 - 6.0 l o g  











i c 46 16 
0 18 
D 31 
c 33 c 47 
50 8 
\ -  
4 
0 .1  1.0 10 100 1000 
(Ax) tr 
6 
(a)  0.66 < Tw/Tt 5 1.0. 
Figure 4.- Variation of N with number of boundary-layer thicknesses from beginning of turbulent f low for Re,@ < 8000. Key to symbols i s  presented in  table I. 
A- 
6 -  
2 -  
c 
1 Ref. 
114 * y 5  
Flagged symbols, 0.12 (Tw/Tt 5 0.35 
Unflagged symbols, 0.35 < Tw/Tt 5 0.66 
I I I I I I 0 -  
.1 1.0 100 1000 
(b) 0.12 2 Tw/Tt 5 0.66. 










5 .- C' , 
,/ ' 
, .y 
Persh (ref. 94) 
4 I I I I I I l l 1  I I I I I I d  1 I I I I I I I I  
6 
6 6 lo4 2 4 6 8 lo5 2 4 6 8 10 103 2 4 
Re, 0 





4 -  
2 c 





&. . . . . - . d- 
" L  6 
/ '  
I F  . 
4 -  
2 -  
Flagged symbols, 0.94 5 Tw/Tt 2 1.0 
Unflagged symbols, 0.35 < Tw/Tt 5 0.66 
- 
Persh (ref.  94) I7 
Ref. 
0 9  







F igure 7.- Variation of N wi th  Re,e for axisymrnetric nozzle walls at near-adiabatic and moderately cool wall-to-total temperature ratios. 
Key to symbols is presented in table Ill. 
d 
14 .- 
6 c -  
Ref 
0 9  
1u - 
T t - Tw 
T t , e  - Tw 
Ll \ ,2 
= Flagged symbols, 
Unflagged symbols, measured temperature  p r o f i l e  
__-- 







Figure 8.- Variat ion of N wi th  Re,@ for axisymmetric nozzle wal ls  at 0.12 2 Tw/Tt 2 0.35. Key to symbols is  presented in table II I. 
Flat plate, cone, and hollow cylinder 
Axisymmetric nozzle wall 
Two-dimensional nozzle wall 
- 
N 
6 -  
Figure 9.- Comparison of general var iat ion of N wi th  Re 0 for data for  (1) t h e  flat plate, cone, and hollow cylinder, (2) t h e  axisymmetric nozzle wall, 















la  81 
I I I I 1 1 1 l  ! I 1 
4.0 .4 e 6  .8 1.0 2.0 
Tw/Tt 
(a) Re,e 12 500; 1.81 6 Me 2 10.33. 
Figure 10.- Var iat ion of N w i t h  wall-to-total temperature rat io fo r  two-dimensional nozzle wal ls at a near ly constant value of Re,@. 









1 1 I I - 1  I I I I 1 I. 
.1 .2 .4 .6 .8 1.0 





(b) Re,@ 20 000; 1.98 5 Me 4 10.3. 


























.I .L .4 .6 .8  1.0 
Tw'Tt 
2 . 0  4.0 
Figure 12.- Var iat ion of N wi th  wall-to-total temperature rat io for f lat plates at a near ly constant value of Re,@. For Tw/Tt < 1.0, 
Re,@ 5000; for Tw/Tt > 1.0, 1820 2 Re,e 2 3110. Key to symbols i s  presented in table I .  
1.0 
.8 





Nitrogen da ta ;  Me = 19.47; Tw/Tt = 0.17 (ref. 10) 






:. !  - .. . -~ . . L  .. 1 .  . .  1 1 
.2 .4 .6 .8 1.0 
Y/6 
Figure 13.- Comparison of a ni t rogren and a he l ium hypersonic turbulent-boundary-layer Mach number profi le from axisyrnmetric nozzles. 
Key to symbols i s  presented in table I l l .  
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